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1. INTRODUCTION
In this paper we consider the following singular perturbation problem:
1 .Find w g C 0, 1 such that«
yl m w wX 9 q K w 9 q b x , w s 0, x g 0, 1 , .  .  .  . .« « « « «
w 0 s 0, w 1 s 0, 1.1 .  .  .« «
where l is the piecewise constant function defined by«
1, if x g 0, a , .
l x s a g 0, 1 , .  .«  « , if x g a , 1 , .
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w xand m: R ª R, K : R ª R, b: 0, 1 = R ª R are functions such that
m g C 2 R , m t G m ) 0, .  . 0
K g C 2 R , strictly monotone, .
2 w xb g C 0, 1 = R , b x , w G n ) 0. . . w
 .Problem 1.1 may be regarded as the coupling of two second order
differential equations,
y m w w9 9 q K w 9 q b x , w s 0, x g 0, a , 1.2a .  .  .  .  . .
y« m w w9 9 q K w 9 q b x , w s 0, x g a , 1 , 1.2b .  .  .  .  . .
with Dirichlet boundary conditions and continuity of the unknown and its
derivative as interface conditions at the point a . Similar problems have
w xbeen considered in 1]3 in order to find out the transmission conditions
for elliptic-hyperbolic or parabolic-hyperbolic problems. In these papers
we choose to impose the continuity of the unknown and of the flux as
interface conditions:
w ay s w aq .  .« «
wX ay s « wX aq . 1.3 .  .  .« «
 .Although the interface conditions in 1.1 do not have a clear physical
 .  .  .sense, they build a smoother transmission problem that 1.2a , 1.2b , 1.3 ,
which has a physical sense through.
A simpler case of this kind of problem, the linear case, was studied by
w xGastaldi and Quarteroni 4 .
In Section 2 we study the existence and uniqueness of the solution of
 .problem 1.1 . For the existence we use a method which essentially consists
of formulating a modified problem by applying a truncation operator,
proving the existence of a solution of the modified problem, and showing
that this solution is also a solution of the given problem. The uniqueness is
proved by using the concept of a monotone-inverse operator. For this
w xanalysis we adapt some techniques presented in 10, Chap. III .
 .Section 3 is devoted to an asymptotic analysis of problem 1.1 . We show
 4that a sequence of solutions w converges, in an appropriate sense, to« « ) 0
a function w which is a solution of the reduced equation
y m w w9 9 q K w 9 q b x , w s 0, x g 0, a , .  .  .  . .
K w 9 q b x , w s 0, x g a , 1 , .  .  .
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and satisfies the boundary and interface conditions,
w 0 s 0, .
w ay s w aq , w9 ay s w9 aq .  .  .  .
if K is an increasing function, and
w 0 s 0, w ay s w aq , w 1 s 0, .  .  .  .
w .if K is decreasing. From these conditions the continuity of w in 0, 1
 .  .follows. However, in the asymptotic analysis of the problem 1.2a , 1.2b ,
 . w x1.3 , the transmission and boundary conditions obtained in 2 were
w 0 s 0, .
w9 ay s 0, .
w ay s w aq .  .
if K 9 ) 0, and
w 0 s 0, .
ym w w9 ay q K w ay s K w aq , .  .  .  .  .  .
w 1 s 0 .
if K 9 - 0. Then, a discontinuity in the unknown w at a if K 9 - 0 and
another in the derivative of w at the interface if K 9 ) 0 were allowed. If
one considers the limit procedure as a technique to find out interface
conditions when coupling a second order equation with a first order one,
the result obtained in this paper gives smoother conditions.
2. THE SINGULARLY PERTURBED PROBLEM
w x 1 .Let S be the space of all functions w g C 0, 1 l C 0, 1 such that
< 2 . < 2 .w g C 0, a , w g C a , 1 . Given « ) 0, we consider an opera-w0,a x w a , 1x
tor on S defined by
¡w 0 , x s 0, .
y m w w9 9 x .  . .
qK w 9 x q b x , w x , x g 0, a , .  .  .  . .~Mw x s 2.1 .  .y« m w w9 9 x .  . .
qK w 9 x q b x , w x , x g a , 1 , .  .  .  . .¢w 1 , x s 1, .
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and the following boundary value problem,
find w g S such that«
Mw s 0. 2.2 .«
 .The existence of a solution for 2.2 is proved by using comparison
functions and a generalized Nagumo theorem. Recall that a function
c g S such that Mc G 0 is called an upper solution of Mw s 0 and a
function w g S such that Mw F 0 is called a lower solution. A lower
solution w and an upper solution c such that w F c are said to be a pair
of comparison functions for the problem Mw s 0.
We start with the following technical lemma.
1w x  .  .LEMMA 2.1. For each pair of functions w, c g C 0, 1 with w x F c x
w xfor all x g 0, 1 and w / c , there exists a family of pairs of functions
F x , y , C x , y 4 .  .k k k)0
such that for each w g S with w F w F c ,
w xF z , w z F w9 z F C z , w z , for some z g 0, 1 , 2.3 .  .  .  . .  .k k
and
F x , w x F w9 x F C x , w x , x g 0, 1 , 2.4a .  .  .  .  . .  .k k
F x , c x F c 9 x F C x , c x , x g 0, 1 , 2.4b .  .  .  .  . .  .k k
for all k ) 0.
Proof. For each w g S satisfying w F w F c , it follows readily that
w xthere exists z g 0, 1 such that
< < < < < <w9 z F k [ max c 1 y w 0 , c 0 y w 1 . 4 .  .  .  .  .
Let
w s min w x N 0 F x F 1 , and c s max c x N 0 F x F 1 . 4  4 .  .0 1
Obviously, w F c .0 1
1w xFor each k ) 0, let us define functions u , ¨ g C w , c byk k 0 1
s .u tk w xds s t y w , ; t g w , c ,H 0 0 12k 1 q s .l
s .¨ tk w xds s c y t , ; t g w , c ,H 1 0 12k 1 q s .l
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with l ) k large enough. Then u and ¨ are positive, monotone func-k k
tions such that
2Xu t u t y k 1 q u t s 0, .  .  . .k k k
2X¨ t ¨ t q k 1 q ¨ t s 0. .  .  . .k k k
The functions
yu y , 0 F x F z , .k
F x , y s 2.5a .  .k  y¨ y , z - x F 1, .k
¨ y , 0 F x F z , .k
C x , y s 2.5b .  .k  u y , z - x F 1, .k
 . 5 5satisfy inequality 2.3 and if we choose l such that w9 - l and`
5 5  .  .c 9 - l, inequalities 2.4a and 2.4b hold.`
 .For the given comparison functions for the problem 2.2 , w and c in
1w xS l C 0, 1 , we now introduce two modified operators by applying a
truncation on M. In the first one we consider a truncation on the&
nonlinear terms of M, replacing w by w* and w9 by w9, and in the second
one we truncate only w9, replacing it by w9, where
 4w* s max w , min w , c , 4
&
w9 s max F x , w* , min w9, C x , w* , 4 4 .  .
w9 s max F x , w , min w9, C x , w , 4 4 .  .
 .  .and F s F , C s C defined in 2.5a and 2.5b with k a positivek k 00 0
constant such that
< 2 < 2y m9 y p q K 9 y p q b x , y F k m y 1 q p .  .  .  .  .0
2.6 .
< 2 < 2y «m9 y p q K 9 y p q b x , y F k «m y 1 q p , .  .  .  .  .0
 .  .  .for any x, y, p , 0 F x F 1, w x F y F c x , p g R.
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Thus, let M* be an operator on S defined by
¡w 0 , x s 0, .
m9 w* K 9 w* b x , w*& & .  .  .2
yw0 q w y w* y w9 q w9 q ,
m w* m w* m w* .  .  .
x g 0, a ,~M*w x s .
«m9 w* K 9 w* b x , w*& & .  .  .2
y« w0 q w y w* y w9 q w9 q ,
m w* m w* m w* .  .  .
x g a , 1 , .¢w 1 , x s 1, .
 <  .  .  . w x4and M be another defined on w g S w x F w x F c x , x g 0, 1 by
¡w 0 , x s 0, .
2ym w w0 y m9 w w9 q K 9 w w9 q b x , w , .  .  .  . .
x g 0, a ,~Mw x s .
2y«m w w0 y «m9 w w9 q K 9 w w9 q b x , w , .  .  .  . .
x g a , 1 , .¢w 1 , x s 1. .
To prove the existence result we need the following
w xTHEOREM 2.2 10 . We consider an operator defined by
¡ya x u0 x q g x , u x , u9 x , x g 0, 1 , .  .  .  .  . .
~g u 0 , u9 0 , x s 0, .  . .Hu x s . 0¢g u 1 , u9 1 , x s 1, .  . .1
 .  .with gi¨ en functions a: 0, 1 ª R, g : 0, 1 = R = R ª R, g : R = R ªi
 .R i s 0, 1 where
a x G 0 0 - x - 1 .  .
and
g y , p G g y , p .  .0 1 0 2 for p F p y , p , p g R . .1 2 1 2g y , p F g y , p .  .1 1 1 2
w x 1 .Let R be the space of all functions u g C 0, 1 l C 0, 1 such that all
deri¨ ati¨ es exist which occur in Hu.
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Let ¨ and w be fixed functions in R.
Let there exist a function z ) 0 in R such that
Hw x - H w q l z x , for 0 F x F 1, 0 - l - `, .  .  .
or
H ¨ y l z x - H¨ x , for 0 F x F 1, 0 - l - `. .  .  .
Then H¨ F Hw « ¨ F w.
1w xPROPOSITION 2.3. Suppose that w, c g S l C 0, 1 is a pair of compari-
son functions for M. Then, there exists a function w g S such that:«
 .i M*w s 0.«
 .ii w F w F c and consequently Mw s 0.« «
 .  . X  .iii F x, w F w F C x, w . Thus, w is a solution of the problem« « « «
 .2.2 .
Proof. We shall assume w / c . Otherwise the existence of a solution
 .to 2.2 is trivial.
 .First, to prove part i , we define the operator N on S
¡w 0 , x s 0, .
yw0 x q w x , x g 0, a , .  . ~Nw x s . y« w0 x q w x , x g a , 1 , .  .  .¢w 1 , x s 1. .
Then we can write
M*w x s Nw x q F x , w*, w9 , .  .  .
 . 1w xwith F x, w*, w9 bounded uniformly in w g C 0, 1 .
1w xLet us now consider the operator T defined on C 0, 1 by
1
Tw x s y G x , j F j , w* j , w9 j dj , .  .  .  . .H
0
where G is the Green function which belongs to N. Observe that if w
satisfies Tw s w, then w is a solution of M*w s 0. Thus, to prove the
1w xexistence of a solution, we will only show that T has a fixed point. C 0, 1
5 5 5 5 5 5is a Banach space with respect to the norm f s f q f 9 . Since` `
 . 1w x  1w x.F x, w*, w9 is uniformly bounded in w g C 0, 1 , the set T C 0, 1 is a
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1w xrelatively compact subset of C 0, 1 . T is a continuous mapping so that we
can apply the Schauder fixed point theorem.
Next we show that w F c . The inequality w F w follows by similar« «
arguments.
 .  .Since F x, c F c 9 F C x, c we have M*c s Mc . On the other
 .  .hand, by the definition of M* it follows that M* c q l s M* c q l,
 .  .  .;l g 0, ` . Therefore, we have 0 s M*w F M* c - M* c q l ;l g«
 .0, ` .
Hence by Theorem 2.2, it follows that w F c .«
X  .   .. w xFinally, we will prove that w x F C x , w x , x g 0, 1 . The in-« 0 0 « 0 0
  .. X  .equality F x , w x F w x follows by analogous arguments.0 « 0 « 0
w x w x  .Suppose for example that x g z , 1 and a g z , 1 , with z from 2.30
for w .«
w x < 1 .On the set of all functions h g C 0, 1 such that h g C 0, a and0, a .
< 1 .h g C a , 1 , we consider the operator A defined bya , 1.
¡h z , x s z , .
X 2m w h9 q m w u9 w h y w q m9 w h .  .  .  .  .« « « « «
~ yK 9 w h y b x , w , x g z , a , .  . Ah x s 2.7 .  .« «
X 2«m w h9 q «m w u9 w h y w q «m9 w h .  .  .  .  .« « « « «¢ yK 9 w h y b x , w , x g a , 1 , .  . « «
  .   .44where h s max F x, w , min h, C x, w , and u s u as in the proof of« « k 0
 .Lemma 2.1, and k defined in 2.6 .0
X  .  xSince Mw s 0, we have that Aw x s 0, x g z , 1 . Moreover, by the« «
choice of the constant k ,0
AC x , w G 0, x g z , 1 . . «
 .From 2.3 we get
AC z , w z G AwX z . .  . .« «
We also have
x w xAC x , w - A C x , w q le ;l ) 0, ; x g z , 1 . .  . .« «
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w xTherefore, we can apply Theorem 2.2 in z , 1 with
a x s 0, .
X 2g x , h , h9 s l m w h9 q m w u9 w h y w q m9 w h .  .  .  .  .  .« « « « « «
y K 9 w h y b x , w .  .« «
g h z , h9 z s h z .  .  . .0
g h 1 , h9 1 s «m w 1 h9 1 q «m w 1 u9 w 1 h 1 .  .  .  .  .  .  . .  .  .  . 1 « « «
X 2yw 1 q «m9 w 1 h 1 .  .  ..  .« «
y K 9 w 1 h 1 y b 1, w 1 .  .  . .  .« «
z x s e x . .
X  .  . w xThis theorem yields w x F C x, w ; x g z , 1 .« «
w x w x X  .   ..If x g z , 1 and a f z , 1 , to show that w x F C x , w x , one0 « 0 0 « 0
uses the operator
¡h z , x s z , .
X 2~«m w h9 q «m w u9 w h y w q «m9 w h .  .  .  .  .Ah x s . « « « « «¢yK 9 w h y b x , w , x g z , 1 , .  . « «
 .in place of the operator A in 2.7 .
w xIf x g 0, z one proceeds in a similar way.0
 .PROPOSITION 2.4. The problem 2.2 has a solution w g S such that«
1
< <yc F w F c , where c s max b x , 0 . .0 « 0 0  5n
Proof. The statement follows from Proposition 2.3 by verifying that
yc and c constitute a pair of comparison functions.0 0
In order to show the uniqueness of the solution we use the concept of
an inverse-monotone operator.
DEFINITION 2.5. Let M denote an operator with domain in a partially
 .ordered linear space V , F and range in a partially ordered linear space
 .U, F . This operator is called inverse-monotone on D ; V if for all
¨ , w g D
M¨ F Mw « ¨ F w.
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 .PROPOSITION 2.6. Problem 2.2 has a unique solution.
 . s  .Proof. Let us introduce two functions: b defined by b s s H m t dt0
and sgq a regularization of the Heaviside function sgq, that is, a functiond
which satisfies
sgq g C1 R , sgq s sgq t if t G d or t F 0, .  .d d
C
q0 F sg 9 t F , with C independent of d . .d d
We will show that M is an inverse-monotone operator on S . Let
w, w g S be two functions such that Mw F Mw.
q .  .  .   .  ..Multiplying Mw x and Mw x , x g 0, 1 , by sg b w y b w andd
integrating the difference by parts, we have
1 qy K w y K w sg b w y b w 9 .  .  .  . .H d
0
1 qq b x , w y b x , w sg b w y b w .  .  .  . .H d
0
qy 1 y « b w y b w 9 a sg b w a y b w a F 0, .  .  .  .  .  . .  . .d
where we used
qsg b w y b w x s 0 for x s 0, 1 .  .  . .d
 .  .because of Mw x F Mw x for x s 0, 1 and the fact that b is an
increasing monotone function.
As d ª 0q,
1 qK w y K w sg b w y b w 9 ª 0 .  .  .  . .H d
0
w xby Sacks' lemma 9 and then
1 qb x , w y b x , w sg b w y b w .  .  .  . .H
0
qy 1 y « b w y b w 9 a sg b w a y b w a F 0. .  .  .  .  .  . .  . .
2.8 .
 .  .Then, if w a F w a we have w F w by the monotonicity of b.
 .  .  .Thus, suppose that w a ) w a . Moreover because of 2.8 , it follows
 .  .  .  .b w 9 a G b w 9 a . We shall derive a contradiction from this. Define
2 .an operator T on C a , 1 by«
¡y¨ 9 a , x s a , .
y1 y1~y« ¨ 0 q K ( b 9 ¨ ¨ 9 q b x , b ¨ , x g a , 1 ,T ¨ x s  .  .  . .  .  .« ¢¨ 1 , x s 1. .
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 .  .Obviously T b w F T b w . Since T is an inverse-monotone operator« « «
2 .  w x.  .  .on C a , 1 see 6 the inequality b w F b w holds. Thus, by the
monotonicity of b a contradiction is derived.
3. THE LIMIT PROBLEM
We first obtain some bounds that provide sufficient conditions for the
 .existence of a sequence which converges as « ª 0 , in an appropriate
sense, to a solution of the reduced problem. From now on, we denote by C
any positive constant independent of the parameter « .
 .LEMMA 3.1. Let w sol¨ e problem 2.2 . There is a constant C ) 0 such«
that
5 X 5 1w F C , 3.1 .L 0 , 1.«
5 5 1w F C , 3.2 .H 0 , a .«
< X <w a F C , 3.3 .  .«
X’ 25 5« w F C. 3.4 .L a , 1.«
 . w xProof. We can prove 3.1 using the same techniques as Lorenz 6 and
w xNiijima 8 to obtain a similar result for the solutions of nonlinear
singularly perturbed problems.
 . 1 .To prove 3.2 let us consider the function z g H a , b solution of the«
boundary value problem
y m w zX 9 s 0, in 0, a , z 0 s 0, z a s w a . .  .  .  .  . .« « « « «
1 .The H 0, a norm of z is bounded uniformly with respect to « , as well«
X  . 1 .as the value of z a . Moreover, the function d s w y z g H 0, a« « « « 0
satisfies
y m w dX 9 q K 9 w dX s f , 3.5 .  .  . .« « « « «
 .  . X 2 .where f s yb x, w y K 9 w z , is bounded in L 0, a uniformly with« « « «
 .  .respect to « . Multiplying Eq. 3.5 by d and integrating on 0, a it follows«
1 .  .that the H 0, a norm of d is bounded. Consequently 3.2 holds.«
 .  . X ` .Next, we multiply 3.5 by hm w d where h is a C 0, a function such« «
 .  . w x X  .that h 0 s 0 and h a s 1, and integrate on 0, a , obtaining that d a«
 .is bounded uniformly in « , which yields 3.3 .
 .Bound 3.4 can be proven by multiplying the differential equation in
 .  .a , 1 by w and integrating by parts on a , 1 .«
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 .LEMMA 3.2. a Suppose that K is an increasing monotone function. Then
  . < 4 2 .the set K w 9 « ) 0 is bounded in L a , g , for any g with a - g - 1.«
 .   . < 4b If K is a decreasing monotone function, K w 9 « ) 0 is bounded in«
2 .L a , 1 .
`w x.Proof. Let us introduce a function h g C a , 1 such that h G 0,
 .  . 2 .h a s 1, h 1 s 0, and h9 F 0. Consider the L a , 1 inner product of
 .  .both sides of the differential equation 1.2b by hb w 9 with b as in the«
proof of Proposition 2.6. Integrating by parts in the first term, we get
« 12
b w 9 a q K w 9b w 9h .  .  .  .H« « «2 a
« 1 12s y b w h9 y b x , w b w 9h . .  .  .H H« « «2 a a
 .  .  .From the bounds 3.1 , 3.3 , and 3.4 we get
1
< <K w 9b w 9h F C. .  .H « «
a
Hence
1 12 2Xw xK w 9 h F C K 9 w w h .  .H H« « «
a a
C 1
< <F K w 9b w 9h F C , .  .H « «m a0
 .  .and part a of the lemma is proved. To show part b , we proceed in an
 .  .analogous way replacing hb w 9 by b w 9.« «
 .  4PROPOSITION 3.3. Let w sol¨ e problem 2.2 . There exists a sequence w« «
q  .which con¨erges a.e., as « ª 0 to a function w such that w g C 0, 1 ,
< 2 .  . < 1 .w g C 0, a , K w g C a , 1 and0, a . a , 1.
w 0 s 0 3.6a .  .
y m w w9 9 q K w 9 q b x , w s 0, x g 0, a , 3.6b .  .  .  .  . .
w ay s w aq 3.6c .  .  .
K w 9 q b x , w s 0, x g a , 1 , 3.6d .  .  .  .
w 1 s 0 if K 9 F 0. 3.6e .  .
5 5 `Proof. From Proposition 2.4 we have w F c , ;« ) 0. Thus,L 0, 1.« 0
2 .there exist a function w g L 0, 1 and a subsequence that we note in the
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same way such that
w ª w weakly in L2 0, 1 . 3.7 .  .«
 .  .Moreover by 3.2 we have upon extracting a subfamily
wX ª w9 weakly in L2 0, a . 3.8 .  .«
 .  .From 3.2 and Rellich's theorem we also get upon extracting a subfamily
w ª w in L2 0, a and pointwise. 3.9 .  .«
In the same way, from Lemma 3.2 we can show the existence of a
 1 . 1 . .function x x g H a , 1 if K 9 F 0 and x g H a , g if K 9 G 0 such
 .that upon extracting a subfamily
if K 9 G 0, K w ª x in L2 a , g and pointwise .  .« 3.10 .2 if K 9 F 0, K w ª x in L a , 1 and pointwise. .  .«
Because of the continuity and the strict monotonicity of K
y1 w x w xw s K x , w g C a , g if K 9 G 0 and w g C a , 1 if K 9 F 0 .  .
3.1 .
w ª w everywhere in a , g if K 9 G 0 and in a , 1 if K 9 F 0. .  .«
3.12 .
 .  .  .The boundary conditions 3.6a , 3.6e , and the interface condition 3.6c
 .  .follow from 3.9 and 3.12 .
 . ` .Multiplying the differential equation in 0, a by h g C 0, a , integrat-0
ing by parts, and considering the limit as « ª 0q in the obtained expres-
sion, we have
a a a
m w w9h9 y K w h9 q b x , w h s 0. .  .  .H H H
0 0 0
Thus
ym w w9 q K w 9 s yb x , w in D9 0, a . .  .  .  . .
w xSince w is a continuous function in 0, a , we conclude that it satisfies
 .  .3.6b . Similarly equality 3.6d can be proved.
PROPOSITION 3.4. Suppose that K 9 G k ) 0. The function w defined in
Proposition 3.3 satisfies
w9 ay s w9 aq . 3.13 .  .  .
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 .  .  .Proof. From Eq. 1.2a and bound 3.2 we have that b w 0 is bounded«
2 .in L 0, a . Then, there exists a subsequence, that we note in the same
way, such that
b w 9 ª b w 9 in L2 0, a and everywhere. .  .  .«
X  .  y. YThus, w a converges to w9 a . Therefore, it is enough to show that w« «
2 .is bounded in L a , j for some j : a - j - 1.
 X < 4It follows from Lemma 3.2 that the set w « ) 0 is bounded in«
2 .L a , g for any g , a - g - 1.
 . w  . x2   . .Multiplying the differential equation 1.2b by b w 9 sg b w 9 and« «
 .integrating by parts in a , 1 , we obtain that
1 3X Xy1C K ( b 9 b w b w sg b w .  .  . .  . .H « « «
a
« 13 3X X Xy1F b w a q K ( b 9 b w b w sg b w .  .  .  .  . .  . .H« « « «3 a
1 2X Xs y b x , w b w sg b w . .  .  . .H « « «
a
w  . x3 1 .Then, since K 9 G k G 0, we obtain that b w 9 is bounded in L a , 1«
for « small enough. Similar calculations and the above bound yield that
w  . x4 1 .b w 9 is bounded in L a , 1 .«
2 .Now, let us consider the L a , 1 inner product of both sides of the
 .differential equation by b w 0, and we obtain«
11 12 2y1« b w 0 s K ( b 9 b w b w 9 9 .  .  . . .H H  /« « «2a a
3.14 .
1
q b x , w b w 0 . .  .H « «
a
 .Integrating by parts in 3.14 it follows that
’ 25 5« b w 0 F C. . L a , 1.«
We finally differentiate the differential equation, multiply the result by
 .  . `w x.hb w 0, and integrate on a , 1 , with h g C a , 1 such that h G 0,«
 .  .h a s 1, h 1 s 0, and h9 F 0. From the above results it follows that
25 5’h b w 0 F C. . L a , 1.«
q .  .  .  .Consequently b w 9 a ª b w 9 a .«
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PROPOSITION 3.5. Suppose that K 9 F 0. There exists a unique function w
 .  .satisfying 3.6a ] 3.6e .
Proof. Let us suppose that there exist two functions w, w satisfying
 .  .  .3.6a ] 3.6e . Multiplying the differential equations in a , 1 by
q q  .  ..  .sg K w y K w and integrating on a , 1 , as d ª 0 it follows thatd
qy K w a y K w a sg K w a y K w a .  .  .  . .  .  .  . .
1 qq b x , w y b x , w sg K w y K w s 0, .  .  .  . .H
a
consequently
1 q
b x , w y b x , w F 0, .  .H
a
w x w xand w F w in a , 1 . Likewise we can prove that w F w in a , 1 .
Now, consider the inverse-monotone operator
¡u 0 , x s 0, .
y1 y1~yu0 q K ( b 9 u u9 q b x , b u , x g 0, a , .  .  .Tu x s  . .  .¢u a y b w a , x s a . .  . .
 .  . w xSince Tb w s Tb w , we have that w s w in 0, a .
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